A holomorphic curve in a complex manifold M is a nonconstant holomorphic map ƒ: C-»M. In 1927, R. Nevanlinna [18] created a new theory concerning the distribution of values of a holomorphic curve ƒ in the complex projective line CP 1 . Nevanlinna's main result is that ƒ assumes almost all values in CP 1 "equally often," and those values that ƒ fails to assume often enough have total "defect" at most 2. H. Cartan I learned about value distribution theory from Phillip Griffiths, Reese Harvey, and Yum-Tong Siu, whom I wish to thank for sharing their insights with me.
result by proving that ƒ can omit at most two values in CP 1 , and in fact if ƒ is transcendental, then ƒ attains all but at most two values infinitely many times (Picard's proof uses the uniformization of C -{0, 1} by the upper half plane). In 1896, E. Borel [3] gave a new proof of Picard's Theorem using the concept of the rate of growth of an entire function. In 1927, R. Nevanlinna [18] refined Borel's idea and developed a new branch of complex function theory culminating with the Nevanlinna Defect Relation (see (1.11) ), which substantially sharpens Picard's Theorem.
We now describe Nevanlinna's elegant theory of meromorphic functions on the complex line. Let r 0 > 0 be fixed. We let 
(The above definition of the Nevanlinna order function is due to Ahlfors [1]
and Shimizu [22] and agrees with Nevanlinna's definition modulo a bounded term.) We shall use the notation where/: C -> C 2 -{0} represents ƒ (i.e., ƒ = (/ 0 : ƒ,)). We say that ƒ is of finite order if 7}(r) < r x + 0(1) for some finite X. Let a G CP 1 be arbitrary. We let nj(a, r) denote the number of solutions of ƒ = a (counted with multiplicities) in A(r). The counting function N(a, r) is given by (1.5) N(a 9 r) = N f (a, r) = ƒ n f (a 9 s)s~~l ds, for r > r 0 .
It follows from the above that (
1.6) T f (r)=[ N(a 9 r)o>(a),
i.e., 7}(r) is the average value of N(a, r). Nevanlinna's First Main Theorem (see (2.6)) tells us that (1.7) N(a 9 r)< 7}(r) + 0 (1) for all a G CP 1 . We shall let S f (r) be the symbol for any function on (r 0 , + oo) with the property that
0-8)
S f (r) < O (log rT s (r)) for rg£, for some set E c (r 0 , + oo) of finite length. We use the notation log 4 "* = max(log x, 0). In fact Lemma (1.12) is the crux of value distribution theory, and all results in the subject use this lemma either directly or implicitly. It follows from (1.12) that (1.13) M r log + |g ( -V^|< S g (r)
for m = 1, 2, 3, ... .
Holomorphic curves in CP".
We next discuss the Cartan-Ahlfors generalization of the Second Main Theorem (1.9) to holomorphic curves in CP", and we give Cartan's brief proof, which utilizes the lemma on the logarithmic derivative. Let w = (w 0 : . . . :w n ) denote the homogeneous coordinates in CP". We let
denote the Kâhler form (of the Fubini-Study metric) on CP", normalized so that co represents the positive generator of H\CP n 9 Z). Let/: C -» CP" be a holomorphic curve such that/(C) is not contained in a hyperplane of CP". We define the order function T f (r) exactly as in (1.1) and (1.2). Equation (1.4) remains valid, where/: C-»C W+1 -{0} is a representative of/. A nonzero linear functional A on C M+1 determines the hyperplane {w: A(w) = 0} c CP W , which we shall also denote by A. For such a hyperplane A, we let rij(A, r) denote the number of zeroes of A ° ƒ (counted with multiplicities) in A(r), and we define N(A 9 r) as in (1.5). It follows from Jensen's formula that
One also has the averaging formula We let W denote the Wronskian of ƒ,
and we write (2.8)
In 1933, H. Cartan [7] obtained the Second Main Theorem [6] . Other new proofs of (2.10) have been given by Cowen and Griffiths [10] , by Chern [8] (for the case n = 2) and by Yamaguchi [26] . We now give Cartan's proof, which uses only the Lemma on the Logarithmic Derivative and elementary linear algebra. In §5 we shall give another new proof of (2.10) by making the map "equidimensional" and applying [6] .
Let ƒ: C-+CP" be as above and let ƒ: C->C n+1 -{0} represent ƒ. Let q > n + 1, and let A v .. •, A E (C w+1 )* represent hyperplanes in CP* in general position; i.e., any n + 1 of the Aj are linearly independent. Let gj = Aj ° ƒ for j = 1,..., q. Thus, each gj is a linear combination of the f t (0 < i < n), and each f t is a linear combination of any n + 1 of the g.. Note that
Let 2 e C be fixed. Permute the g, so that As a consequence of the Defect Relation (2.11), one obtains Borel's theorem [3] that ƒ cannot omit n + 2 hyperplanes in general position. Recently, M. Green [11] showed that ƒ cannot omit any set of n + 2 distinct hyperplanes.
W. Stoll [23] showed in 1953 that if/: C n -»CP" is a meromorphic map such that f(C m ) is not contained in a hyperplane of CP rt (m and AZ arbitrary), then the Defect Relation (2.11) holds. Recently, A. Vitter [25] 3. Generalizations to several variables. We digress from the topic of this article, holomorphic curves, to discuss holomorphic and meromorphic maps from C n into projective algebraic manifolds, which we shall later apply to the study of holomorphic curves. For further discussions of value distribution theory in several complex variables, see [27] and [29] .
The first generalization of the Second Main Theorem to functions of several complex variables was Stoll's 1953 work [23] mentioned at the end of §2. As in the theory of Cartan [7] and Ahlfors [2], Stoll's results concern the intersection of the image off with hyperplanes in CP W . In 1972, J. Carlson and P. Griffiths [6] achieved a major breakthrough by obtaining defect relations for hypersurfaces other than hyperplanes. A special case of the result of Carlson and Griffiths is that if D l9 . .., D q are smooth hypersurfaces of degree d in CP" with "normal crossings," and if/: C n -» CP" is a holomorphic map of maximal rank, then
(The definition of the defects 8 (Dj) is given below.) We now give an outline of the Carlson-Griffiths theory.
Let M be a projective algebraic manifold, and let L be a holomorphic line bundle on M. Suppose L is given a hermitian metric h. The normalized curvature form TJ G c x (L) of A is defined by
where e is any nonvanishing local holomorphic section of L. We let co = (V^l /77)83 log||z|| on C -{0}, / r (z) = min[log + (r/||z||),log(r/r 0 )]
for z G C", r > r 0 where r 0 is a fixed positive number, as before. Let ƒ: C -> M be a holomorphic map. Carlson and Griffiths [6] define the order function of ƒ with respect to L,
(If/: C -» CP n and L is the hyperplane section bundle with curvature form co, then T f (L 9 r) agrees with the order function 7}(r) defined in §2.) Definition 
where p = dim J? -1. (See, for example, [20] .) The Carlson-Griffiths First Main Theorem gives the inequality
The main result of Carlson and Griffiths [6] is the Second Main Theorem and defect relation for equidimensional maps, which we state below. A hypersurface D is said to have normal crossings if locally D is given as the zero locus of the product z x ... z k (1 < k < dim M) where z x ,..., z m are local coordinates in M. We let K M denote the line bundle of holomorphic forms of top degree on M. We let S f (r) have the same meaning as in (1.8), with 7}(r) replaced by T f (L 9 r) 9 where L is any positive line bundle on M. A map ƒ: C n -» M, where dim M = n 9 is said to be nondegenerate if ƒ has rank n at some point of C"; if ƒ is nondegenerate, we let Rf denote the divisor of the Jacobian determinant of ƒ. With this notation in mind, we can now state the Carlson-Griffiths Second Main Theorem: (3.7) THEOREM [6] . 
Combining (3.6) and (3.7), we obtain the inequality (3-8)
Since (3.8) is contradictory if K M is positive, we have the following consequence of (3.7):
(3.9) COROLLARY [6] . If M is an n-dimensional compact complex manifold with K M positive, then there do not exist any nondegenerate holomorphic maps f: C" -> M.
Theorem (3.7) also yields defect relations. As before, we define the defect
and note that 0 < 8(D) < 1. Let The distribution of values of a holomorphic map ƒ: C w ~» CP W with respect to algebraic submanifolds of CP W of codimension greater than one is an entirely different story. For example, the Fatou-Bieberbach map ƒ: C 2 ~» C 2 omits a (rather large) open set, so there are no defect relations with respect to points in CP 2 . Furthermore, J"" 1 {point} may grow much faster than ƒ (for n > 2), so the First Main Theorem is not valid for codimension greater than one (see [9] ).
The Second Main Theorem (3.7) and the Defect Relations (3.12) have been extended in [16] to the case where C" is replaced by any affine algebraic 4. Open problems on holomorphic curves. One of the major open problems in value distribution theory is whether the Carlson-Griffiths Defect Relations (3.12) for equidimensional maps hold for holomorphic curves. Conjecture I below restates this question, which has been previously asked by P. Griffiths Since Q x ° ƒ = Q 2 ° ƒ = 0, it follows that ƒ is a holomorphic curve in M. Let L = L H \M, where Z^ is the hyperplane section bundle in CP 3 . We note that Suppose that M is an algebraic surface imbedded in some CP n and let L be a positive line bundle on M. It is not known if there is a bound on the degree of /(C), where ƒ is an algebraically degenerate holomorphic curve such that the defect relation of Conjecture I fails. In particular, Conjecture la suggests the following question:
PROBLEM. Let M be a projective algebraic surface such that K M is positive. Is there only a finite number of rational and elliptic curves in Ml This problem could perhaps best be attacked by transcendental methods. We can instead assume that M contains no rational or elliptic curves, and state in place of Conjecture la: CONJECTURE II. Let M be a projective algebraic manifold that contains no rational or elliptic curves. Then there are no holomorphic curves in M.
The hyperbolic manifolds (see [17] ) have the property that they contain no holomorphic curves. A result of Brody's thesis is that the converse is true for compact manifolds:
THEOREM (R. BRODY [4]). Let M be a compact complex manifold. Then M is hyperbolic if and only if M contains no holomorphic curves.
Thus, Conjecture II is equivalent to the statement that a projective algebraic manifold is hyperbolic if and only if it contains no rational or elliptic curves. The problem of describing the hyperbolic algebraic manifolds of dimension > 2 is quite difficult. (A compact complex curve is hyperbolic if and only if its genus is greater than 1.) Brody and Green [5] recently constructed a one-parameter family {M t } of algebraic hypersurfaces in CP 3 such that M t is hyperbolic f or t ^ 0 but M 0 is not hyperbolic (M 0 -V 2d , d > 25). Their example answers two old questions. First, it provides simplyconnected compact hyperbolic manifolds, which were conjectured not to exist. Second, it shows that hyperbolicity is not a topological invariant, contrary to an assertion of Bloch» A result similar to Conjecture la was recently obtained by T. Ochiai. Let M be an «-dimensional projective algebraic manifold. Ochiai [28] proved that if the space of holomorphic one-forms on M has dimension greater than n and if the Albanese map of M is an imbedding, then every holomorphic curve in M is algebraically degenerate.
Yet another proof of the Cartan-Ahlfors theorem.
We use the results of Carlson and Griffiths [6] to give a new geometric proof of the Second Main Theorem (2.10). This proof arose from an unsuccessful attempt to prove Conjecture I.
We first prove Theorem (2.10) for the case where/: C-»CP" is definite order map (and /(C) is not contained in a hyperplane). Choose a representation ƒ : C ~> C +1 -{0} of ƒ such that the fj are of finite order. (For example, let <j> be a Weierstrass product such that Div <j> = f*Div w 0 , and let fj = «kfC^/wo)-) We shall construct a meromorphic map F from C 1 X CP W~l into CP" such that F(t, (1:0: .. . :0)) = ƒ(*), and such that the order and counting functions of F are roughly equal to those off. Let F: Using the methods of Carlson and Griffiths [6] , we obtain the Second Main Theorem
PROOF OF (5.13). (This proof assumes familiarity with [6] , [16] or [21] and can be omitted without loss of continuity.) We consider the Carlson-Griffiths singular volume form ^ on CP" (see p. 566 of [6] ) that blows up along the hypersurface D = A x u • • • U A q . We let F*V =* £j3 w . The proof of Lemma 3.7 in [21] (which extends Lemma 1.14 in [6] or Lemma 6.20 in [16] to meromorphic mappings) yields the current identity (5.14) (V^T /2TT)33 log € + Ric j8" -F*Ric * -F*D + R F .
Note that (5.14) contains the extra term Ric /?", and that RicjÖ" = -uw'. The Second Main Theorem (5.13) follows from (5.14) as in the proof of the S.M.T. in [6] , [15] The inequality (5.18) follows from (5.19) with w, = g U) /g (for 0 < j < n-1).
To prove (5.17), we let ^ G (C" +1 )* represent a hyperplane in CP", and we let g = ,4 o ƒ. Then g z = ^4 ° F z . Inequality (5.17) follows by averaging (5.18) over the circle {|f| = r] and applying (2.2) and the Lemma of the Logarithmic Derivative (1.13).
We now verify (5. . To obtain the reverse inequality we note that log||£|| < max,log|(F z )J+ log(/i + 1) < log||/1|+ max,log|(£)//~| + \og{n + 1) (0 < j < n).
Averaging over z and applying (5.18) with g = f p we then conclude that Ave,log||F z ||< log||/1|+ 2log + |/j°/^|+ log(» T 1) + ilog» (0 < j < n, 1 < / < n -1). Applying (1.4) and (1.13), we obtain Ave z r z (r)< 7}(r) + $(r), which completes the proof of (5.16) and thus of Theorem (2.10) for the case where ƒ has finite order. We now briefly indicate how the proof is modified for the case where ƒ is of infinite order. In this case, we let / # : C-»C W+1 -{0} be an arbitrary representation off, and we let /-0//o*)/ # .
be regarded as an (« + l)-tuple of meromorphic functions. Let ESupport(Div f*), and choose an entire function «f > such that Div 4> = E (with multiplicity 1). We let xj, = ƒ"*$"-', and define /: C 1 X C" -*C" +I by In order to generalize this proof to apply to Conjecture I, one would need to construct F such that Lemmas (5.8), (5.12), (5.16), and (5.17) hold. This appears to be a formidable task.
F(t,z) = W)[zJ (t) + zj'(t)
+
